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We discuss a technique to strongly couple a single target quantum emitter to a cavity mode,
which is enabled by virtual excitations of a nearby mesoscopic ensemble of emitters. A collective
coupling of the latter to both the cavity and the target emitter induces strong photon non-linearities
in addition to polariton formation, in contrast to common schemes for ensemble strong coupling. We
demonstrate that strong coupling at the level of a single emitter can be engineered via coherent and
dissipative dipolar interactions with the ensemble, and provide realistic parameters for a possible
implementation with SiV− defects in diamond. Our scheme can find applications, amongst others,
in quantum information processing or in the field of cavity-assisted quantum chemistry.
In the strong coupling regime of light-matter interac-
tions, the coherent exchange of energy between matter
and light occurs at a rate faster than all dissipative pro-
cesses [1, 2]. Strong coupling has been actively pursued in
atomic [3–8] and molecular [9–17] physics, circuit quan-
tum electrodynamics (QED) [18–22], and condensed-
matter physics [23–26], with applications in, e.g., quan-
tum information processing [27–33], transport [34–40],
optomechanics [41–46], and quantum chemistry [47–53].
For a single quantum emitter, strong coupling is ac-
companied by non-linear quantum effects leading to, e.g.,
the generation of nonclassical states of light used in pho-
ton quantum gates [54–56]. Reaching strong coupling,
however, is often difficult as it relies on the integration of
small volume resonators with large quality factors. For
mesoscopic ensembles this requirement is relaxed as the
coupling can be collectively enhanced by a factor
√
N
(for N -emitters) [5, 57, 58]. This allows for the realiza-
tion of collective polariton dynamics [59, 60], however, it
does not enhance nonlinear quantum effects for the cavity
mode [61–64], limiting its use for, e.g., quantum optics
and quantum information processing [65].
Here, we introduce an alternative approach where an
ensemble of two-level quantum emitters with negligible
populations modifies the cavity coupling of an individ-
ual beneficiary target two-level system. This allows for
bringing the single target emitter from the weak to the
strong coupling regime, even when the mediating ensem-
ble is only weakly coupled to the cavity. The induced
strong coupling is visible in collectively-enhanced single
emitter-cavity vacuum Rabi splittings. Remarkably, here
the resulting photon non-linearities are also enhanced by
collective effects. We identify two distinct mechanisms
for reaching strong coupling in the target-cavity system,
based on an increase of coherent coupling strength or a
modification of dissipation, respectively. In the first case,
we provide a possible implementation of our scheme with
realistic parameters considering SiV− centers in diamond
coupled to a microcavity.
Our results can provide a viable path towards the
realization of quantum non-linear optics experiments
within cavity QED with moderate light-matter coupling
strengths or cavity quality factors. In contrast to schemes
using active dressing of, e.g., Rydberg states [66, 67], our
setup solely relies on virtual excitations of a nearby en-
semble.
The basic scheme is shown in Fig. 1(a). The target
emitter A and N ensemble emitters denoted as B are
coupled to a cavity mode via a Jaynes-Cummings interac-
tion [69]HJC = a
(
gAσ
+
A +
∑N
`=1 g`σ
+
`
)
+h.c. and to each
other via coherent dipole-dipole interactions [70] HDD =∑
i 6=j
√
γiγjg(~rij)σ
+
i σ
−
j (where i, j = A, 1, . . . , N). Here,
σ±i denote the raising/lowering operators for the emitters
and gi = g
(0)
i cos(kyi) their position-dependent coupling
strength to the cavity mode (wavelength λ, k = 2pi/λ,
annihilation operator a, and cavity mode profile con-
stant along x and z). The coherent dipole-dipole coupling
strengths depend on the relative positions of the emitters
~rij = ~ri − ~rj via the anisotropic function g(~rij) (cf. [71]
for details) and on their decay rate γA and γ` ≡ γB for
all ` = 1, · · · , N . For significant collective enhancement
of the A-cavity coupling, we require |~r`A| . λ, so that
the ensemble B is in the near-field of A.
The dynamics of the system with density operator ρ is
governed by a standard master equation
∂tρ = −i[H0 +HJC +HDD, ρ] + Lρ , (1)
where ~ ≡ 1. In a frame rotating at the system A’s
frequency ωA, H0 = ∆ca
†a + ∆B
∑
` σ
+
` σ
−
` represents
the free Hamiltonian with detunings ∆c = ωc − ωA and
∆B = ωB − ωA, where ωc and ωB are the bare cavity
mode and ensemble emitter frequencies, respectively.
Dissipation is described by Lρ = −κD(a†, a)ρ −
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FIG. 1. (a) A single target emitter A is weakly coupled to a resonant (ωA = ωc) cavity with strength g
(0)
A , and close to a small
ensemble B. As B we consider a cube of N emitters identical to A but with different transition frequencies ωB > ωA. When
lB  r, B can be approximated by a single point-dipole at distance |~r| ≡ r. (b) The normalized cavity transmission spectrum
Tc probed by a weak laser field with frequency ωL [68] shows a splitting increasing with N , which results from an enhanced
effective cavity-coupling strength geffA > g
(0)
A of the single target emitter A. We find g
eff
A − g(0)A ∝ N (see inset and text). (c)
Equal-time cavity photon-photon correlation function g(2)(0). The induced cavity-coupling strength occurs on a single emitter
level, giving rise to photon blockade effects, g(2)(0)  1 and min[g(2)(0)] decreasing with N (inset). [Parameters for (b)/(c):
g
(0)
A ≡ 1, γA = 0.01, κ = 2, ωB − ωA = 1000, cavity-wavelength λ, ~rA = (0, 0, 0), ~r = (0, 0, λ/20), d = 10−3λ (lattice spacing)].
∑
i,j
√
γiγjf(~rij)D(σ+i , σ−j )ρ , with superoperator
D(X,Y )ρ = [X,Y ρ] + [ρX, Y ]. The first term on
the right-hand side governs photon losses at rate 2κ.
Diagonal terms (i = j) in the second term correspond
to standard spontaneous emission of the emitters.
Off-diagonal (i 6= j) terms give rise to mutual decay
into the environment depending on the separation of
the emitters via the function f(~rij), ranging from 0 at
large separations to unity at zero separation [71]. In this
near-field limit, they are responsible for the emergence
of super- and subradiant modes [72].
We are interested in obtaining an effective dynamics
for the target A and the cavity, by adiabatically elimi-
nating [71, 73–75] the interacting ensemble of emitters
B. When the latter is weakly populated, the equa-
tions of motion within the sub-system B become lin-
ear, ∂t〈σ−` 〉 = −i
∑
m(M)`m〈σ−m〉, with (M)`m = (∆B −
iγB)δ`m + (1 − δ`m)γB
[
g(~r`m) − if(~r`m)
]
a N × N ma-
trix [76, 77]. Adiabatic elimination of B generally re-
quires that the eigenvalues λη of M are the largest pa-
rameters (see [71] for details). This ensures that sub-
system B evolves fast compared to the reduced system
including A and the cavity. The coupling of the latter
to B also has to be perturbatively small such that B
remains weakly populated.
After elimination of B, the effective master equation
for the reduced density operator ρeff for target A and
cavity only reads
∂tρ
eff = −i[Heff0 +HeffJC, ρeff] + Leffρeff. (2)
The effective free Hamiltonian Heff0 = ∆
eff
A σ
+
Aσ
−
A +
∆effc a
†a contains renormalized detunings ∆effA = ω
eff
A −
ωA = −Re
(
~vTM−1~v
)
and ∆effc = ω
eff
c − ωA = ∆c −
Re
(
~gTM−1~g
)
, which can be generally compensated.
Here, (~g)` = g` and (~v)` =
√
γAγB [g(~r`A)− if(~r`A)]. The
effective A–cavity interaction HeffJC = g
eff
A
(
a†σ−A + σ
+
Aa
)
has the modified coherent coupling
geffA = gA − Re
(
~gTM−1~v
)
. (3)
The effective dissipator for the reduced system in Lind-
blad form reads Leffρeff = −∑ν=± γνD(L†ν , Lν)ρeff with
rates
γ± =
κeff + γeffA
2
±
√
(κeff − γeffA )2
4
+ µ2. (4)
The main results of this work follow from Eqs. (3) and
(4). We define the system to be strongly coupled when
|geffA | exceeds the largest rate γ+. The parameters κeff =
κ+ Im[~gTM−1~g] and γeffA = γA + Im[~v
TM−1~v] in Eq. (4)
describe the modification of cavity decay and target emit-
ter linewidth, respectively, due to the interaction with the
B ensemble. The rate µ = Im[~gTM−1~v] gives rise to mu-
tual decay mechanisms, dissipatively coupling A and the
cavity via Lindblad jump operators L+ and L−(see [71]).
Using the mode-decomposition of M in terms of its
eigenvectors ~xη, the effective coupling modification in
Eq. (3) reads ∆gA ≡ geffA − gA = −
∑
η Re(~g
T~xη~x
T
η ~v/λη),
which depends both on the mode-overlaps ~gT~xη, ~v
T~xη,
and the complex eigenvalues λη, and can increase with N .
For example, when the sum
∑
η is dominated by a nearly
homogeneous (lB  |~r`A|  λ) coupling to a symmet-
ric mode ~xS = (1, 1, . . . , 1)/
√
N of B with eigenvalue λS ,
the enhancement scales as ∼ N since both mode-overlaps
~gT~xS , ~v
T~xS scale as ∼
√
N .
In Fig. 1(b) we show the normalized cavity transmis-
sion spectrum Tc for the crystalline cubic structure in
panel (a), where the symmetric mode ~xS is found to dom-
inate [68]. Here, Tc(ωL) is computed numerically from
Eq. (2) for a weak cavity drive (strength φ) at frequency
ωL, and is given by Tc(ωL) = 〈a†a〉(κ2/φ2) [68]. We find
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FIG. 2. (a)/(c) Contour plots of |geffA /γ+| vs. separation ~r(r, θ) between A and B (point-dipole, see Fig. 1). |geffA /γ+| > 1 (inside
the green contour line) indicates strong coupling. The parameters are chosen to illustrate either coherent coupling inheritance
(a) or dissipative linewidth narrowing (c) for reaching strong coupling of A (see text). (b)/(d) Time-evolution of population in A,
cavity (initial state with one photon) and B (barely visible). Oscillations exemplify strong coupling [parameters for green dots
in (a) and (c), we adapt ωc such that ∆
eff
A ' ∆effc ]. Lines: full master equation simulation [Eq. (1) with two emitters], points:
effective model [Eq. (2)], dashed line: cavity decay without B. [Parameters (a)/(b): As in Fig. 1, but choosing g
(0)
B = 100 and
thus γB = γA(g
(0)
B /g
(0)
A )
2 = 100, A and B in the x-z plane, ~r = r(sin(θ), 0, cos(θ)). (c)/(d): γA = 2.5, κ = 0.1, ωB = ωA,
g
(0)
B = 20 and thus γB = 1000, ~rA = (0,−1/4, 0)λ, A and B in the y-z plane, ~r = r(0, sin(θ), cos(θ)).]
a collective enhancement of the polariton-splitting that
scales approximately ∝ N , with super-linear corrections
for large N due to energy shifts in λS . We note that due
to the small size of the cube (lB  |~rjA|  λ), the condi-
tion ∆effA ' ∆effc is always satisfied. The polariton peaks
display a marked asymmetry growing with N , which we
attribute to the presence of the mutual decay rate µ [71].
Importantly, the collective enhancement leads to
strong non-linear effects at the single photon level.
Fig. 1(c) shows the equal-time photon-photon correla-
tion function g(2)(τ = 0) = 〈a†a†aa〉/〈a†a〉2, computed
for the same parameters as in panel (b) and using the
steady state of Eq. (2) with a weak laser drive [68]. The
figure shows that g(2)(0) becomes g(2)(0) . 1 at frequen-
cies close to the polariton ones, and decreases with N .
It can reach values g(2)(0)  1 for the upper polariton,
reflecting the polariton asymmetry in Tc found above.
This demonstrates that it is possible to achieve the “pho-
ton blockade” regime for a single target quantum emitter
solely by increasing the number N of dipoles making up
the mediating mesoscopic ensemble.
When lB  |~r`A|, the collective dipole of B can be ap-
proximated by a point dipole of strength g
(0)
B =
√
Ng
(0)
A
and γB = NγA positioned at ~rB (each dipole moment in
B is chosen identical to that of A). Analytical expres-
sions for the parameters of Eq. (2) can then be obtained
in the single-mode limit. In this case the effective cou-
pling strength reads [71]
geffA = g
(0)
A
{
cos(kyA)− γB∆Bg(~r) + γB
2f(~r)
∆2B + γB
2
cos(kyB)
}
,
(5)
where ~r ≡ ~rB −~rA. We find an increased effective cavity
decay, κeff = κ + γBg
2
B(~rB)/(∆
2
B + γB
2), as well as a
modified linewidth
γeffA = γA
{
1− f(~r)2 + [g(~r)γB − f(~r)∆B ]
2
∆2B + γB
2
}
. (6)
The mutual decay term entering Eq. (4) instead reads
µ = gB
√
γAγB(g(~r)γB−f(~r)∆B)/(∆2B+γB2). The equa-
tions above show that the parameters in Eq. (2) are gen-
erally tuned by a combination of coherent/dispersive [78]
and incoherent/dissipative terms (e.g., ∼ ∆Bg(~r) and
∼ γBf(~r) in Eq. (5), respectively), and depend strongly
on geometrical effects, due to the dipolar nature of the
A-B interaction. For a given geometry (i.e., positioning
of A and B, and dipole orientations), geffA can be signifi-
cantly increased by modifying the detuning ∆B , an effect
that we term coherent inheritance of coupling strength. A
competing effect that we dub reduction of linewidth in A
can be similarly obtained for γeffA in Eq. (6) (even in the
absence of a cavity, e.g. by putting the third term on the
r.h.s. of the equation to zero, and for small separations
where f(~r)2 ∼ 1). Such linewidth narrowing effect can
be related to the formation of a subradiant mode.
Figs. 2(a) and (c) show contour plots of |geffA /γ+| as
a function of the relative distance r between A and
B, and the dipole-orientation angle θ [see Fig. 1(a)],
for two choices of parameters where coherent inheri-
tance of coupling strength [panel (a)] or reduction of
linewidth [panel (c)] are the dominant effects. In the
two panels, the bare parameters of Eq. (2) are chosen
as γA < g
(0)
A < κ and κ < g
(0)
A < γA, respectively.
In (a) we further choose a large detuning |∆B |  γB
(with γB = 10
4γA). This implies an effective coherent
coupling geffA /g
(0)
A ≈ cos(kyA) − γBg(~r)∆B cos(kyB), when
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FIG. 3. Implementation with SiV− centers coupled to a microcavity mode (red). (a) A single SiV− center (A) is deposited
above the bottom distributed Bragg reflector (DBR). A nanodiamond of size lB (modeled as a cube with lattice spacing d = 8
nm ' 0.01λ) separated from A by a distance ~r = (0, 0, 60) nm contains an ensemble of N SiV− centers (B). (b) Energy levels
of an SiV− center under a magnetic field H along z. The optical transitions |2〉 → |3〉 and |1〉 → |4〉 with frequencies ωA
(wavelength λ = 737 nm) and ωB correspond to A and B, respectively. (c) Scaling of g
eff
A (black) showing that the system can
be brought into strong coupling (geffA > γ+) by increasing N . The g
(2)(0) for N = 1000 is shown in the inset as a function of
the detuning ωL − ωc. Other parameters are g(0)A ≡ 1, ωA = ωc, γA = γB = 0.044, κ = 2, and ∆B = 265, ~rA = (0, 0, 0).
the positions of A and B are such that |g(~r)| > |f(~r)|.
Note that while larger effective couplings can be obtained
for smaller |∆B |, the latter has to be large enough to
satisfy the conditions for adiabatic elimination. In (c),
instead, A and B are resonant (∆B = 0) and γB is
large, such that the effective coherent coupling and the
linewidth simplify to geffA /g
(0)
A ≈ cos(kyA)−f(~r) cos(kyB)
and γeffA = γA[1 − f(~r)2 + g(~r)2], respectively. Further-
more, we position A such that geffA /g
(0)
A ≈ −f(~r) cos(kyB)
only stems from the dissipative dipole term f(~r). In both
cases, the figure shows that a regime of strong coupling
with |geffA /γ+| > 1 between the target A and the cavity
can be reached (area enclosed by the green line), e.g., in
a “head-to-tail” configuration with θ ∼ 0 or close to the
“magic angle” θ ∼ 0.3pi in panel (a) and (c), respectively.
This is particularly surprising for panel (c), as coherent
light-matter coupling is entirely due to dissipative effects.
Fig. 2 confirms strong coupling with a simulation of the
time-evolution for the mean populations of A, B, and the
cavity, starting with a single photon. The presence of B
induces a clear coherent exchange of energy between the
cavity and A (negligible population in B), in contrast to
the trivially damped behavior for the bare system. The
validity of the effective master equation Eq. (2) is con-
firmed via a comparison to a full simulation of Eq. (1).
We note that we have also demonstrated that our scheme
is robust against inhomogeneous broadening and moder-
ate positional disorder [68].
We now discuss a possible implementation of coherent
coupling inheritance with realistic parameters consider-
ing SiV− centers in diamond coupled to a microcavity of
the kind described in Ref. [79] [Fig. 3(a)]. Two nanodi-
amonds separated by a distance r = 60 nm containing
respectively a single (A) and an ensemble (B) of SiV−
defects are located above the cavity mirror. The nan-
odiamond with size lB containing N dipoles B could
be a fragment of a bulk diamond that was grown with
a high percentage of the centers oriented along the y
axis [80], which coincides with the 〈111〉 crystallographic
direction [81].
The energy levels of SiV− consist of electronic ground
Eg and excited Eu state doublets with splittings of ∼ 50
GHz and ∼ 260 GHz, respectively [82]. At temperatures
below 4 K and in the presence of a magnetic field H
aligned along z, the states are Zeeman-split and both A
and B species can be prepared in the ground state |1, ↓〉
by spin-flipping optical pumping [83]. The splitting of
the Eg doublet [84] then allows for microwave resolvable
addressing to map the dipoles A to the state |2, ↓〉. A and
B only couple to the optical transitions |2〉 ↔ |3〉 and
|1〉 ↔ |4〉, respectively [Fig. 3(b)] via photons polarized
along z. A cavity mode with vacuum wavelength λ = 737
nm is resonant with the target A and detuned from B by
∆B = 2pi × 310 GHz.
The bare couplings g
(0)
A/B can be estimated by com-
paring our setup to that of Ref. [83], where pairs of
SiV− were coupled to a diamond photonic crystal cav-
ity with strength gpcc = 2pi× 7.3 GHz and mode volume
Vpcc = 0.5(λ/2.4)
3 (2.4 is the refractive index of dia-
mond). In our setup [Fig. 3(a)], we choose a microcavity
with mode volume Vmc = 1.4λ
3 [79], where the coupling
strengths then read g
(0)
A/B = gpcc
√
Vpcc/Vmc ≈ 2pi × 1.17
GHz. In Fig. 3 we model the nanodiamond B as a cube
with lattice spacing d = 8 nm, which provides a density
of emitters ∼ 2× 106µm−3 [85]. The decay rates are ex-
pected to be γA = γB ∼ 2pi × 51.5 MHz [86]. We choose
κ = 2g
(0)
A corresponding to a moderate cavity quality
factor Q ≈ 8.7 × 104 (see, e.g., Refs. [79, 87, 88]). This
provides a finesse F ≈ 3 × 104 for a cavity of length
L = 3λ/2 ≈ 1.1µm. Note that the non-radiative decay
of the state |2〉 with rate ∼ 2pi × 13 MHz [86] can be
overcome using a re-pumping scheme.
The effective coupling strength geffA is displayed as a
function of N in Fig. 3(c), showing that the single SiV−
center A can be brought to strong coupling with the mi-
crocavity mode (geffA > γ+) due to the presence of the
5nanodiamond containing the B emitters. Remarkably,
this leads to strong non-linear effects g(2)(0) ≈ 0.46 for
N = 1000 and at a frequency close to that of the upper
polariton.
In conclusion, we have investigated different mecha-
nisms of how a single quantum emitter A, initially weakly
coupled to a cavity mode, can be brought into strong
coupling. The effect relies on both coherent and dissi-
pative interactions with a nearby ensemble of identical
emitters, and provides a viable path towards the realiza-
tion of strong coupling at the level of a single SiV− cen-
ter, which has, to the best of our knowledge, never been
achieved. In contrast to usual collective strong coupling,
our scheme gives rise to collectively-induced strong pho-
ton non-linearities and can find important applications
in quantum information technologies with Si-V centers.
Our work also emphasizes the important role played by
optically active environments in cavity-QED. In particu-
lar, it is an interesting prospect to explore whether our
model could be extended to vibrational strong coupling
in molecular ensembles [89], and to scalable microwave
qubits magnetically coupled to a transmission line res-
onator on the verge of strong coupling [90].
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In this supplemental material, we provide details of the calculations serving as a basis for the numerical simulations
and backing up the statements of the main text. In Sec. I, we start from the full quantum master equation including
the coupling between the two-level systems (TLSs) and the cavity mode, as well as the coherent and incoherent
parts of the dipole-dipole interactions. In Sec. II, we present an effective quantum master equation for the reduced
density operator of the subsystem A-cavity when the degrees of freedom associated to the B ensemble are traced out,
showing that this effective master equation involves new effective parameters. A coupled-oscillator model based on
the equations of motion of the quantum emitters and the cavity mode under the assumption of low spin excitations
is used in Sec. III to compute the cavity transmission spectrum. In Sec. IV, we present a mode analysis of the B
ensemble in the presence of either positional disorder or inhomogeneous broadening.
I. FULL QUANTUM MASTER EQUATION
We consider one TLS A (frequency ωA, decay rate γA) at position ~rA = (xA, yA, zA) coupled via dipole-dipole
interactions to a collection of N TLSs B (frequency ωB , decay rate γB) at positions ~r1, . . . , ~rN , and interacting with a
cavity mode (frequency ωc, decay rate κ). We denote the A−B separation as ~rjA = ~rj−~rA and the B−B separation
as ~rj` = ~rj − ~r` with j, ` = 1, . . . , N and ~rj = (xj , yj , zj). In the frame rotating with ωA, the full quantum master
equation of the system reads
∂tρ = −i[H0 +HJC +HDD, ρ] + Lρ , (S1)
where ρ is the density operator and H0 = ∆ca
†a + ∆B
∑N
j=1 σ
+
j σ
−
j is the bare Hamiltonian with ∆c = ωc − ωA
and ∆B = ωB − ωA. The bosonic operators a and a† annihilate and create a cavity photon, and σ±A and σ±j are
the spin ladder operators of the TLS A and the jth TLS B. The light-matter interaction Hamiltonian reads HJC =
a†
(
gAσ
−
A +
∑N
j=1 gjσ
−
j
)
+ h.c. with the (real-valued) coupling strengths gA = g
(0)
A cos (kyA) and gj = g
(0)
B cos (kyj)
(we choose g
(0)
A , g
(0)
B > 0). The photon wave vector k (along the y-direction) is related to the cavity mode wavelength
λ by k = 2pi/λ = ωc/c with c the speed of light in vacuum. The dipole-dipole interaction Hamiltonian reads
HDD =
∑N
j=1 ΩjA
(
σ+j σ
−
A + σ
+
Aσ
−
j
)
+
∑N
j 6=` Ωj`σ
+
j σ
−
` , where the A-B and B-B coupling strengths ΩjA = <
[
VjA
]
and
Ωj` = <
[
Vj`
]
correspond to the real parts of the functionsS1
VjA = −
3
√
γAγB
2
(
sin2(ΘjA)
exp(iξjA)
ξjA
+
[
3 cos2(ΘjA)− 1
][exp(iξjA)
ξ3jA
− i exp(iξjA)
ξ2jA
])
, (S2)
Vj` = −3γB
2
(
sin2(Θj`)
exp(iξj`)
ξj`
+
[
3 cos2(Θj`)− 1
][exp(iξj`)
ξ3j`
− i exp(iξj`)
ξ2j`
])
. (S3)
Here, ξjA = k|~rjA| and ξj` = k|~rj`|, the angles ΘjA = arccos (zjA/|~rjA|) and Θj` = arccos (zj`/|~rj`|) are defined with
respect to the z-axis, and we assume that kA ≈ kB ≈ k, where kA = ωA/c and kB = ωB/c. The dissipative term
entering Eq. (S1) takes the form
Lρ =− κD(a†, a)ρ− γAD(σ+A , σ−A)ρ−
N∑
j=1
γjA
(
D(σ+j , σ−A)ρ+D(σ+A , σ−j )ρ
)
−
N∑
j,`=1
γj`D(σ+j , σ−` )ρ,
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2with D(x, y)ρ = [x, yρ] + [ρx, y], and where γjA = −=
[
VjA
]
and γj` = −=
[
Vj`
]
are given by the imaginary parts of
Eqs. (S2) and (S3), respectively. The anisotropic dimensionless functions g(~r) and f(~r) in the main text are given by
g(~rjA) = ΩjA/
√
γAγB and f(~rjA) = γjA/
√
γAγB (or alternatively g(~rj`) = Ωj`/γB and f(~rj`) = γj`/γB).
Simulation of Rabi oscillations with the full master equation (Fig. 2(b) & (d) of the main text). Any
expectation value 〈O〉t = Tr[Oρ(t)] for an arbitrary operator O can be determined by computing the density operator
ρ(t) for a given initial condition ρ(0) according to the dynamics encoded in Eq. (S1). Here, Tr[•] denotes the trace
over the full Hilbert space. For instance, the values
n¯(t) = 〈a†a〉t = Tr[a†aρ(t)], PA(t) = 〈σ+Aσ−A〉t = Tr[σ+Aσ−Aρ(t)], and Pj(t) = 〈σ+j σ−j 〉t = Tr[σ+j σ−j ρ(t)]
correspond to the mean photon number n¯(t), the mean population/excitation PA(t) of emitter A, and the mean
population/excitation Pj(t) of emitter j (j = 1, . . . , N) of the B ensemble as a function of time, respectively. The
time evolution corresponding to the lines in Fig. 2(b) & (d) of the main text is computed with the initial condition
ρ(0) = |ψ0〉 〈ψ0|, where the initial state |ψ0〉 corresponds to a single photon in the cavity with the emitter A and all
emitters B in their ground states.
II. EFFECTIVE QUANTUM MASTER EQUATION
In this section, we present the effective quantum master equation for the subsystem A-cavity when the TLSs B are
traced out. We assume that the TLSs B remain close to their ground state and that the dynamics of the reduced
system is slow compared to that of the fast evolving B ensemble, which can be adiabatically eliminatedS2–S6. The
parameters entering the effective master equation are given below. A detailed derivation including a discussion on
the conditions for the validity of the adiabatic elimination can be found in Ref. [S7].
Effective master equation. We can write the effective master equation in the form
∂tv = L
effv = −i[Heff0 +HeffJC, v] + Leffv , (S4)
where v = ρgg |g〉 〈g| with ρgg = 〈g|ρ|g〉 denotes the density operator ρ projected on the state |g〉 with all emitters of
the B ensemble in their ground states. Its dynamics is governed by the effective Hamiltonian Heff = Heff0 +H
eff
JC with
Heff0 = ∆
eff
A σ
+
Aσ
−
A + ∆
eff
c a
†a and HeffJC = g
eff
A
(
a†σ−A + σ
+
Aa
)
, and by the effective dissipator
Leffv = −κeffD(a†, a)v − γeffA D(σ+A , σ−A)v − µ
(
D(a†, σ−A)v +D(σ+A , a)v
)
.
The effective parameters are
∆effc = ∆c −<[~gTM−1~g] ∆effA = −<[~vTM−1~v] geffA = gA −<[~gTM−1~v]
κeff = κ+ =[~gTM−1~g] γeffA = γA + =[~vTM−1~v] µ = =[~gTM−1~v] ,
where (~g)j = gj , (~v)j = ΩjA − iγjA and (M)j` = (∆B − iγB)δj` + (1 − δj`)(Ωj` − iγj`). Using v = ρgg|g〉〈g| and the
reduced density operator ρeff ≈ ρgg, the effective master equation (S4) is identical to Eq. (2) of the main text.
Simulation of Rabi oscillations with the effective master equation (Fig. 2(b) and (d) of the main text). The
expectation values of the observables of the subsystem A-cavity
n¯(eff)(t) = 〈a†a〉(eff)t = Tr(eff)[a†aρeff(t)], and PA(t)(eff) = 〈σ+Aσ−A〉(eff)t = Tr(eff)[σ+Aσ−Aρeff(t)]
(points in Fig. 2(b) and (d) of the main text) are determined by computing ρeff(t) according to the dynamics encoded
in Eq. (S4). Here, Tr(eff)[•] denotes the trace over the reduced Hilbert space of the subsystem A-cavity, and the initial
condition is ρeff(0) = |ψeff0 〉 〈ψeff0 | where the initial state |ψeff0 〉 corresponds to a single photon in the cavity and the
emitter A in its ground state. Since Eq. (S4) is derived under the assumption that the emitters B are close to their
ground states, the total excitation PB =
∑N
`=1〈σ+` σ−` 〉 of the B ensemble must remain small, i.e. PB  1. In the
adiabatic regime, we estimate PB as
PB =
N∑
`=1
〈σ+` σ−` 〉 ≈ ~gT (MM†)−1~g〈a†a〉+ (~v∗)T (MM†)−1~v〈σ+Aσ−A〉
+ ~gT (MM†)−1~v〈a†σ−A〉+ (~v∗)T (MM†)−1~g〈σ+Aa〉 .
3Note that the expectation value 〈•〉 is evaluated with respect to the operator ρgg ≈ ρeff.
Effective master equation with cavity drive. In the presence of a weak laser driving the cavity with strength
φ (see also Sec. III), the system’s dynamics can be expressed in a frame rotating with the laser frequency ωL. This
frequency is assumed to be close to the typical frequencies of the probed subsystem A-cavity (e.g. cavity frequency
and transition frequency of A). In this case, the effective master equation for the operator v˜ in the laser frame reads
∂tv˜ = L˜
effv˜ = −i[H˜eff0 + H˜effJC + H˜L, v˜] + L˜effv˜ (S5)
with H˜eff0 = ∆˜
eff
A σ
+
Aσ
−
A + ∆˜
eff
c a
†a, H˜effJC = g˜
eff
A
(
a†σ−A + σ
+
Aa
)
, H˜L = φ(a+ a
†), and
L˜effv˜ = −κ˜effD(a†, a)v˜ − γ˜effA D(σ+A , σ−A)v˜ − µ˜
(
D(a†, σ−A)v˜ +D(σ+A , a)v˜
)
.
The effective parameters are
∆˜effc = ∆˜c −<[~gTM˜−1~g] ∆˜effA = ∆˜A −<[~vTM˜−1~v] g˜effA = gA −<[~gTM˜−1~v]
κ˜eff = κ+ =[~gTM˜−1~g] γ˜effA = γA + =[~vTM˜−1~v] µ˜ = =[~gTM˜−1~v]. (S6)
Here, ∆˜c = ωc − ωL, ∆˜A = ωA − ωL, and (M˜)j` =
(
∆˜B − iγB
)
δj` + (1− δj`)(Ωj` − iγj`) with ∆˜B = ωB − ωL.
Transmission spectrum and intensity-intensity correlation function (Figs. 1(b) & (c) and 3(c) of the main
text). The steady state v˜∞ = limt→∞ v˜(t) can be obtained by simulating Eq. (S5) in the long-time limit, or alterna-
tively by constructing a matrix associated to the superoperator L˜eff and determining its null space (corresponding to
the zero eigenvalueS8). The normalized steady-state cavity transmission spectra shown in Fig. 1(b) of the main text
are computed as
Tc(ωL) ≡ (κ/φ)2〈a†a〉∞ = (κ/φ)2Tr(eff)[a†av˜∞] , (S7)
and the steady-state equal-time intensity-intensity correlation functions [Figs. 1(c) and 3(c) of the main text] as
g(2)(0) ≡ 〈a
†a†aa〉∞
〈a†a〉2∞
=
Tr(eff)[a†a†aav˜∞](
Tr(eff)[a†av˜∞]
)2 .
In Figs. 1(b) & (c) and 3(c) of the main text we choose a cavity drive with strength φ = 0.1κ and a cutoff N
(max)
ph = 3
in the photon number, for which sufficient convergence (in the considered range) has been found.
III. COUPLED-OSCILLATOR MODEL FOR THE CAVITY TRANSMISSION SPECTRUM
In this section, we present the equations of motion for the expectation values of the cavity mode and the spin
operators under the assumption of low spin excitations (low-saturation limit). In this limit, the resulting linear
equations of motion are equivalent to that of coupled harmonic oscillators. We then use this model to compute the
cavity transmission spectrum in the presence of a weak laser probe.
Equations of motion in the low-saturation limit. We consider a weak laser probe with frequency ωL driving the
cavity with strength φ (we choose φ ∈ R). This laser drive is described by the (additional) time-dependent Hamiltonian
HL = φ(ae
iωLt + a†e−iωLt) and can be included in the full dynamics of Eq. (S1) by adding the term −i[HL, ρ] on
its right-hand side. The explicit time-dependence can be removed by choosing a convenient frame that rotates at
the laser frequency ωL. In this frame, the equations of motion for α(t) = 〈a〉t, βA(t) = 〈σ−A〉t, and (~β)`(t) = 〈σ−` 〉t
(` = 1, . . . , N) can be derived as
∂tα = −i
[
∆˜c − iκ
]
α− igAβA − i~gT~β − iφ , (S8)
∂tβA = −i
[
∆˜A − iγA
]
βA − igAα− i~vT~β ,
∂t~β = −iM˜~β − i~gα− i~vβA .
4These equations are obtained under the assumption of weak excitation, i.e. [σ−A , σ
+
A ] ≈ 1 and [σ−` , σ+` ] ≈ 1 (harmonic-
oscillator approximationS9). The parameters are given in the laser frame with ∆˜c = ωc − ωL, ∆˜A = ωA − ωL, and
(M˜)j` =
(
∆˜B − iγB
)
δj` +
(
1− δj`
)(
Ωj` − iγj`
)
with ∆˜B = ωB − ωL. The steady-state solution (t→∞) of Eq. (S8)
reads αst
βstA
 = −
∆˜effc − iκ˜eff g˜effA − iµ˜
g˜effA − iµ˜ ∆˜effA − iγ˜effA
−1φ
0
 , (S9)
where αst = lim
t→∞α(t), β
st
A = limt→∞βA(t), and where the parameters are given by Eq. (S6). In the limit of a weak
laser drive, the mean photon number in the steady-state n¯st ' |αst|2 can be obtained from Eq. (S9). This allows to
compute the normalized steady-state cavity transmission spectrum as
Tc(ωL) = (κ/φ)2|αst|2 . (S10)
In the weak-drive limit (φ → 0), we expect that Tc computed from Eq. (S10) provides a good approximation of the
transmission that would be obtained from an operator expectation value as in Eq. (S7). Note that while the adiabatic
elimination leading to the effective master equation Eq. (S5) does require a time-scale separation, the derivation of the
steady-state solution Eq. (S10) does not. This allows to use Eq. (S10) to compute the steady-state cavity transmission
spectra for disordered configurations, as shown in Sec. IV.
IV. IMPACT OF DISORDER
In this section, we study the robustness of the coupling-enhancement scheme against both inhomogeneous broad-
ening and positional disorder of the B ensemble.
Inhomogeneous broadening. We first consider inhomogeneous broadening of the B ensemble and replace ∆B
by ∆j ∈ [∆B −W/2,∆B + W/2] (uniform distribution) with W the disorder strength. Figure S1 shows a modal
decomposition of the coupling strength enhancement
∆gA ≡ geffA − gA = −
N∑
j=1
<(~gT~xj~xTj ~v/λj)
together with the transmission spectrum Tc computed from Eq. (S10) using the steady state solution of Eq. (S8).
Here, ~xj are the eigenvectors and λj the eigenvalues of the symmetric matrix M =
∑
j λj~xj~x
T
j , which is defined in
Sec. II, together with ~g and ~v. The eigenvectors here fulfill the completeness relation
∑
j ~xj~x
T
j = 1 and ~x
T
j ~x` = δj,`.
For W = 0 [Fig. S1(a) & (b)], the single-mode approximation is very well suited as ∆gA is completely dominated by
the contribution of a collective mode which features an overlap of 95% with the symmetric mode ~xS = (1, 1, . . . , 1)/
√
N .
The corresponding eigenvalue <(λS) ≈ 575 is relatively close to ∆B = 1000 as compared to the other ones which
are shifted to very large values due to the dipole-dipole interactions within the emitter ensemble. Figure S1(c) &
(d) shows ∆gA and Tc for a single realization in the case of a small disorder W/∆B = 0.5. We find that the single-
mode approximation is still well justified, as the overlap between the dominant mode (red) and the symmetric one
~xS is ≈ 97%, while this overlap for the next mode (green) is only ≈ 10%. This picture is confirmed by the small
fluctuations of the transmission spectrum. Furthermore, the conditions for adiabatic elimination of the B ensemble
are well satisfied owing to the small population of the ensemble PB =
∑
j〈σ+j σ−j 〉 ≡ |~β|2 ' 0.005, where we used
PB ≈ ~gT (MM†)−1~g assuming one cavity photon.
Two different realizations obtained for a large disorder strength W/∆B = 10 are shown in Fig. S1(e)-(h). In panels
(e) & (f), the first three modes with the largest contributions to ∆gA feature overlaps with the symmetric mode of
43% (red), 48% (green), and 0.03% (blue), with eigenvalues (real parts) ≈ 43, ≈ 200, and ≈ 2.5, respectively. Such
small eigenvalues indicate a breakdown of the conditions for adiabatic elimination, and the effective coupling strength
therefore loses its physical meaning. In this case, the latter is geffA ≈ 12.6 and does not correspond to the half-splitting
≈ 9.2 between the polariton peaks observed in the transmission spectrum. The breakdown of adiabatic elimination
can be also inferred from the increased population of the ensemble PB ≈ 0.2. In panels (g) & (h), we show an example
of configuration where the single-mode approximation is still rather well justified. In this case, the red mode with
eigenvalue ≈ 468 and with the largest contribution to ∆gA features an overlap with the symmetric mode of 70%,
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FIG. S1. (a), (c), (e), (g) Modal decomposition of the coupling strength enhancement ∆gA ≡ geffA −gA = −
∑
j <(~gT~xj~xTj ~v/λj)
related to the eigenvectors ~xj and eigenvalues λj (|<(λj)| is shown in the inset) of the matrixM. The total coupling enhancement
∆gA is displayed as a dashed line. (b), (d), (f), (h) Steady-state cavity transmission spectrum Tc (single disorder realization).
The transmission averaged over 100 realizations is displayed as a dashed line. Vertically, (a) & (b) correspond to W = 0 (no
disorder), (c) & (d) to W/∆B = 0.5, and (e) & (f) and (g) & (h) correspond to W/∆B = 10 and two different disorder
realizations. Parameters are the same as in Fig. 1 of the main text (N = 123).
while the next one (green) with eigenvalue ≈ 860 only exhibits an overlap of ≈ 30%. The computed effective coupling
strength is geffA ≈ 3.6, and corresponds to the half-splitting of (h). The adiabatic elimination of the emitter ensemble
is here also well justified due to the large eigenvalues and small population PB ≈ 0.005. Note that for the single-mode
model, in the limit W/∆B  1, a second-order expansion of ∆gA gives a disorder-averaged enhancement
∆gA ≈ −~g
T~xS~x
T
S~v
λS
[
1 +O (W/λS)2
]
,
indicating a slight increase with W .
The transmission spectra Tc obtained in the presence of inhomogeneous broadening and for different disorder
strengths are shown in Fig. S2(a). For W/∆B & 1, Tc features large realization-dependent fluctuations, and the
breakdown of the adiabatic elimination (indicated by an increasing population of the ensemble) [Fig. S2(b)]. However,
we note that some realizations can still lead to large geffA (indicated by a large splitting with low ensemble populations).
Also the disorder averaged Tc still exhibits a well defined splitting even for W/∆B & 1, and recovers the spectrum of
the bare target emitter only for W/∆B  1 [Fig. S2(a)].
Positional disorder. Remarkably, we find similar robustness for Tc averaged over positional disorder. In this case,
fluctuations in the lattice positions of the cubic lattice are taken into account by picking random displacements around
the regular lattice positions X
(0)
j , i.e. Xj ∈ [X(0)j −W/2, X(0)j +W/2] along all dimensions (X = x, y, z). The averaged
transmission spectrum Tc is shown in Fig. S3(a) for various disorder strengths in units of the lattice parameter d.
These results are very similar to the case of inhomogeneous broadening [see Fig. S2(a)]. In Fig. S3(a), for W/d < 0.02,
we find a robust coupling enhancement, even with a tendency of slightly increased geffA . However, larger W/d > 0.02
destroy the enhanced Rabi splitting and one recovers the situation of the bare system A-cavity. The reason why the
crossover between strong and weak coupling takes place at rather small disorder strengths compared to the case of
inhomogeneous broadening stems from the large variations of the dipole-dipole interactions between neighboring sites.
Indeed, the latter scales as ∼ 1/d3 since d  λ. An histogram of geffA for various W and 1000 disorder realizations
each is represented on Fig. S3(b), showing large fluctuations for 0.02 . W . 0.1, in the regime where the adiabatic
elimination is likely to break down. However, even for large W  0.02, realizations with large geffA remain possible.
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FIG. S2. (a) Transmission spectrum Tc averaged over 100 disorder realizations of various strengths W , for the same parameters
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as a black line.
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FIG. S3. (a) Tc averaged over 100 disorder realizations of various strengths W , for the same parameters as in Fig. 1 of the main
text (N = 123). (b) Histograms of geffA for various W , and 1000 disorder realizations each (color coded) and corresponding
mean-values (red line).
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